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The focus of the present work is the application of the random phase approximation (RPA),
derived for inhomogeneous fluids [Frydel and Ma, Phys. Rev. E 93, 062112 (2016)], to penetrable-
spheres. As penetrable-spheres transform into hard-spheres with increasing interactions, they pro-
vide an interesting case for exploring the RPA, its shortcomings, and limitations, the weak- versus
the strong-coupling limit. Two scenarios taken up by the present study are a one-component and
a two-component fluid with symmetric interactions. In the latter case, the mean-field contributions
cancel out and any contributions from particle interactions are accounted for by correlations. The
accuracy of the RPA for this case is the result of a somewhat lucky cancellation of errors.
PACS numbers:
I. INTRODUCTION
Recently in Ref. 1 we have extended the random phase
approximation (RPA) to inhomogeneous fluids as a sys-
tematic attempt to supplement the mean-field descrip-
tion with correlations [2]. When that approximation
is applied to Coulomb particles, one finds the same set
of equations as those constituting the variational Gaus-
sian approximation within the field-theoretical frame-
work generated by transforming the original partition
function into a functional integral [3–7]. (The variational
Gaussian approximation for ions consists of two coupled
equations. One is the Poisson-Boltzmann equation with
a modified charge density that includes correlational con-
tributions. And the second equation determines cor-
relational contributions and can be represented as the
Ornstein-Zernike (OZ) equation, suggesting an alterna-
tive derivation within the density functional theory.) It
then follows that the variational Gaussian approximation
is nothing other than the RPA approximation formulated
within a different framework. The density functional for-
mulation, however, not only offers an alternative deriva-
tion. Its greatest merit is that it provides generalization
to any particle system as the formulation makes no as-
sumptions about pair interactions. The question then
is not for what pair interactions, but rather under what
conditions the RPA is reliable. The conditions at which
the RPA fails for penetrable-spheres should be general
and apply to Coulomb particles or the Gaussian core
model. Defining the limits of the validity of the RPA for
one system, therefore, offers insights about those limits
in another system.
Because the RPA approach of Ref. [1] is non-
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perturbative (correlations and density are obtained self-
consistently), it is tempting to think it is suitable for
describing the strong-coupling limit. However, the study
of Ref. [1] for a number of pair interactions does not sup-
port this conjecture. If anything, it suggests the contrary
view that the RPA, despite its non-perturbative feature,
is strictly a theory of weakly correlated systems. Again,
by identifying the variational Gaussian approximation of
the field-theoretical formulation as the RPA, this conclu-
sion is not surprising. The RPA has been used for long
time in the electronic structure DFT where it?s known
as a theory of the weakly-correlated limit [8]. One goal of
this paper, therefore, is to dispel the misunderstanding
that the variational Gaussian approximation has poten-
tial for describing the strong-coupling regime of a charged
or any system.
In Ref. [1] we applied the RPA to Coulomb particles
and the Gaussian core model (considered to be a weakly
correlated fluid [10–12]). In the present work, we con-
tinue to explore the RPA by its application to penetrable-
spheres. Unlike hard-spheres, penetrable-spheres may
overlap, however, every overlap incurs energy cost. As
overlaps become more costly, penetrable-spheres trans-
form into hard-spheres. As the RPA is not expected
to work for hard-spheres, one should observe a gradual
breakdown of the RPA as a function of increasing interac-
tions. The case of penetrable-spheres, therefore, provides
a useful testing ground for the performance of the RPA.
In Sec. II we lay down the framework of the RPA ap-
proximation. In Sec. III we investigate a homogenous
case of penetrable-spheres. In Sec. IV we show the re-
sults for an inhomogeneous fluid near a planar wall. In
Sec. V we consider alternative (dilute limit) approaches
and compare them with the RPA. In Sec. VI we study
a two-component penetrable-sphere fluid with symmetric
interactions. Finally, in Sec. VII we conclude the work.
2II. THE RANDOM PHASE APPROXIMATION
In this section we go over the construction of the RPA
approximation. We begin with the expression for the
mean-field free energy,
Fmf [ρ] = Fid[ρ] +
∫
dr ρ(r)U(r)
+
1
2
∫
dr
∫
dr′ρ(r)ρ(r′)u(r, r′). (1)
The last term captures particle interactions, however, it
neglects correlations which complete the free energy ex-
pression as
F [ρ] = Fmf [ρ] + Fc[ρ]. (2)
The exact expression for Fc[ρ] is obtained using the adi-
abatic connection wherein pair interactions λu(r, r′) are
gradually switched on as λ varies from 0 → 1. During
the procedure the density ρ(r) is kept fixed by means of
an external λ-dependent potential, Uλ(r), which in the
limit λ → 1 recovers a true external potential. Keeping
a density independent of λ is essential for constructing a
density functional formulation.
Defining the free energy for a given λ as Fλ =
−kBT logZλ where
Zλ =
1
N !Λ3N
∫
dr1. . .
∫
drN e
−β
∑
i Uλ(ri)e−βλ
∑
j>i
u(ri,rj),
(3)
and N is the total number of particles, the free energy of
a physical system at λ = 1 is given by
F = Fλ=0 +
∫ 1
0
dλ
∂Fλ
∂λ
. (4)
After some substitution and manipulation we get the free
energy expression where the correlational part is found
to be
Fc[ρ] =
1
2
∫ 1
0
dλ
∫
dr ρ(r)
∫
dr′ ρ(r′)hλ(r, r
′)u(r, r′),
(5)
where hλ(r, r
′) is the correlation function of a fluid [9]
with interactions λu(r, r′) and in the presence of the ex-
ternal potential Uλ(r), which although absent in Eq. (5)
is implied by a fixed ρ(r).
To complete the framework we still need a way to cal-
culate hλ(r, r
′). To this end we introduce the Ornstein-
Zernike equation (OZ),
hλ(r, r
′) = cλ(r, r
′)+
∫
dr′′ ρ(r′′)hλ(r
′, r′′)cλ(r, r
′′), (6)
which expresses hλ(r, r
′) in terms of the direct correla-
tion function cλ(r, r
′). A direct correlation function is
obtained from the exact definition,
cλ(r, r
′) ≡ −β
δ2Fλex[ρ]
δρ(r)δρ(r′)
, (7)
and since we are interested in a systematic method be-
yond the mean-field, we use the mean-field result for
the excess free energy, Fex ≈
1
2
∫
dr
∫
dr′ρ(r)ρ(r′)u(r, r′),
which yields
crpaλ (r, r
′) = −λβu(r, r′). (8)
The above is known as the random phase approximation
closure. Inserting this into the OZ equation we get
hrpaλ (r, r
′) = −λβu(r, r′)
− λβ
∫
dr′′ ρ(r′′)hrpaλ (r
′′, r′)u(r, r′′), (9)
and the correlation free energy becomes
F rpac [ρ] = −
1
2
∫
drρ(r)
∫ 1
0
dλ
hrpaλ (r, r) + λβu(r, r)
λβ
.
(10)
hrpaλ (r, r
′) can alternatively be represented as an expan-
sion
hrpaλ (r, r
′) = −βλu(r, r′)
+ β2λ2
∫
dr1 ρ(r1)u(r, r1)u(r1, r
′)
− β3λ3
∫
dr1
∫
dr2 ρ(r1)ρ(r2)u(r, r1)u(r1, r2)u(r2, r
′)
+ . . . (11)
generated by repetitive substitution of hλ(r, r
′) each time
it appears on the right-hand side of the OZ equation.
Using the above expansion, the correlation free energy
becomes
βF rpac [ρ] = −
β2
4
∫
d1
∫
d2 ρ1ρ2u12u21
+
β3
6
∫
d1
∫
d2
∫
d3 ρ1ρ2ρ3u12u23u31
−
β4
8
∫
d1
∫
d2
∫
d3
∫
d4 ρ1ρ2ρ3ρ4u12u23u34u41
+ . . . (12)
where ρ(ri) → ρi, u(ri, rj) → uij , and
∫
dri →
∫
di.
All the constituent integral terms have a ring topology,
a mathematical signature of the RPA.
The above expansion is handy for generating functional
derivatives. For example, a true density satisfies the re-
lation δFδρ = µ, where µ denotes the chemical potential.
A functional derivative of Fc with respect to ρ(r) is car-
ried out term by term, leading to a new expansion that
is identified as
δβF rpac [ρ]
δρ(r)
= −
1
2
(
hrpa(r, r) + βu(r, r)
)
. (13)
A physical density then satisfies
ρ(r) = ρbe
−βU(r)e−β
∫
dr′ [ρ(r′)−ρb]u(r,r
′)
× e
1
2
[hrpa(r,r)−hrpa
b
(0)], (14)
3where ρb is the bulk density, and hb(0) = hb(r, r) is the
correlation function in a bulk. The correlation function
is obtained from the OZ equation in Eq. (9). Because the
two equations are coupled the method is self-consistent
(as opposed to perturbative).
In the introduction it was said that the RPA yields
the same set of equations as the variational Gaussian ap-
proximation for Coulomb charges [3, 4]. Since Eq. (9)
and (14) are the two coupled equations of the RPA ap-
proximation, by substituting for u(r) the Coulomb in-
teractions ∼ 1/r we should recover the equations of the
variational Gaussian approximation. Indeed, this turns
out to be the case.
Borrowing from the conventions of the linear algebra,
the RPA formulas can be expressed more compactly.
By introducing the operator A(r, r′) = ρ(r)βu(r, r′) and
multiplication A2(r, r′) =
∫
dr′′ A(r, r′′)A(r′′, r′) and so
forth, the correlation function becomes
ρ(r)hrpaλ (r, r
′) = −
λA
I + λA
, (15)
where I = δ(r− r′) represents the identity matrix in the
continuous limit, and the correlation free energy is
βF rpac =
1
2
Tr
(
log[I +A]−A
)
. (16)
In the language of integrals the trace of an operator
A(r, r′) is defined as
TrA =
∫
drA(r, r).
In this article we apply the RPA method laid down
above to penetrable-spheres, whose interactions,
βu(r, r′) = εθ(σ − |r− r′|), (17)
are given in terms of the Heaviside function θ(x), such
that θ(x > 0) = 1 and θ(x < 0) = 0, and ε is the
interaction strength.
A quick glance at Fig. (2) reveals discontinuity in the
pair correlation function. From the expansion in Eq. (11)
we know that the discontinuity in hrpaλ (r, r
′) comes from
the first term, that is, from interactions. The second term
is already continuous and represents an overlap between
two spheres of radius σ. Within the RPA the quantity
hrpa(r, r′) + εθ(σ − |r− r′|), therefore, is continuous.
III. A HOMOGENOUS SCENARIO
In the present section we consider a homogenous fluid.
As an example of a quantity that depends on correlations
we consider an average potential energy per particle,
βE = 4piερb
∫ σ
0
dr r2
[
1 + hb(r)
]
. (18)
For the RPA the above expression simplifies by using the
OZ relation of Eq. (9) into
βE =
α
3
− hrpab (0)− ε, (19)
where we introduce the dimensionless parameter α =
4piερbσ
3. The quantity hrpa(0) is obtained by Fourier
transforming the OZ equation in Eq. (9), yielding
h˜rpa(k) = −
βu˜(k)
1 + βρbu˜(k)
, (20)
where βu˜(k) = 4piεσ3(sin kσ − kσ cos kσ)/(kσ)3 is the
Fourier transformed pair potential of penetrable-spheres.
Performing the inverse transform we get
hrpa(0) = −
(
1
2pi
)3 ∫ ∞
0
dk
4pik2βu˜(k)
1 + βρbu˜(k)
, (21)
and the integral is evaluated numerically.
Fig. (1) shows the data points for βE (defined in Eq.
(18)) as a function of ε for a fluid with density ρbσ
3 = 0.5.
The exact results show a non-monotonic behavior with
a peak at ε ≈ 2. The non-monotonic behavior may ap-
pear counterintuitive, since it is expected that βE should
increase with increasing repulsive interactions. But in
the case of penetrable-spheres large repulsive interactions
also imply lower chance of overlaps between particles. If
we turn next to the data points for the RPA, we note
how its reliability is limited within the range ε ≤ 0.5,
indicating poorly predicted correlations for higher values
of ε.
0 1 2 3 4 5 6 7 8 9 10
ε
0
0.5
1
βE
ρbσ3 = 0.5
sim
rpa
mf
FIG. 1: Average potential energy per particle as a function of
an interaction strength for a homogenous system for ρbσ
3 =
0.5. Exact results are from the MC simulation for N = 1000
particles. The RPA data points correspond to Eq. (19), and
the mean-field result to the first term of that expression.
To understand the above results, in Fig. (2) we plot
correlation functions which contribute to the behavior of
βE. The RPA correlations are calculated numerically
from
h(r) = −
(
1
2pi
)3 ∫ ∞
0
dk
4pik2βu˜(k)
1 + βρbu˜(k)
sin kr
kr
. (22)
For separations r > σ the resulting correlations compare
reasonably well with the exact results. However, it is
40 1 2 3 4
r/σ
-1
-0.5
0
0.5
h(
r)
sim
rpaε=1
0 1 2 3 4
r/σ
-1
0
1
2
h(
r)
sim
rpaε=2
FIG. 2: Pair correlation functions of a homogeneous fluid for
ρbσ
3 = 0.5.
correlations at separations less than σ that determine
βE, and here the RPA correlations fail.
We next focus on a quantity hrpa(0) as a function of α
that determines βE within the RPA (see Eq. (19)). The
results are shown in Fig. (3) (a) and indicate a sharp
increase of hrpa(0) and then as α → 34.81, hrpa(0) di-
verges. Furthermore, the divergence is coextensive with
0 10 20 30
α
0
5
10
h(
0)
/ε
0 2 4 6 8 10
r/σ
-30
-20
-10
0
10
20
h(
r)/
ε
α=34.8
FIG. 3: (a) The correlation function for a separation r = 0 as
a function of α = 4piερbσ
3. (b) The correlation function for
?? near the point of divergence.
the emergence of the solid like regular structure as shown
in Fig. (b) and signaling the presence of an anomalous
phase transition (anomalous because not predicted by
simulations). The divergence occurs when the denomi-
nator in the expression for h˜rpa(k) vanishes, which can
only happen for negative u˜(k). (For the Gaussian core
model where βu˜(k) = pi3/2εσ3e−k
2σ2/4 ≥ 0 the diver-
gence never arises [13]).
For the final illustration of the performance of the RPA
we calculate pressure with results shown in Fig. (4). Be-
cause pressure is related to a density at a contact with a
planar wall, βP = ρ(0), the results provide insight about
inhomogeneous density. Within the RPA the pressure is
given by
βP
ρb
= 1 +
α
6
+
1
2
∫ 1
0
dλ
hλb (0)− λhb(0)
λ
, (23)
and is obtained from the free energy of a homogeneous
system P = −(∂F/∂V )T,N . The data points for pres-
sure are generally more reliable than those for βE in
Fig. (1). The mean-field and the RPA, not designed to
recover a correct dilute limit, should generally become
more reliable for dense systems. Going from ρbσ
3 = 0.1
to ρbσ
3 = 0.3 there is some improvement, but as ρb con-
tinues to increase, the reliability becomes limited by the
presence of a singularity (or a solid like structure of cor-
relations) at αc ≈ 34.81. The presence of the anomalous
transition, therefore, limits the application of the RPA
for penetrable-spheres.
0 2 4 6
ε
1
1.5
2
ρ(
0)/
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mf
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sim
ρbσ3 = 0.1
(a) ηb = 0.1
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(b) ηb = 0.3
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α=αc
(c) ηb = 0.5
FIG. 4: Density at a contact with a planar wall, ρ(0),
as a function of an interaction strength ε for penetrable-
spheres. The horizontal dotted line traces the ideal-gas be-
havior ρ(0)/ρb = 1.
IV. PLANAR WALL CONFINMENT – AN
INHOMOGENEOUS CASE
In Fig. (5) we plot the entire density profile for a
fluid confined by a hard wall at x = 0. The two profiles
correspond to ρbσ
3 = 0.3 and 0.5, for the interaction
5strength ε = 3. For ε > 3 the RPA starts to break down,
see Fig. (4). The RPA profile show decisive improvement
in comparison to the bare mean-field.
0 1 2 3
x/σ
1
2
ρσ
3
mf
rpa
sim
ρbσ3 = 0.3
ε = 3
0 1 2 3
x/σ
1
2
ρσ
3
mf
rpa
sim
ρbσ3 = 0.5
ε = 3
FIG. 5: Density profiles for penetrable-spheres confined by a
wall at x = 0.
Another quantity that offers a test of performance is
the excess adsorption defined as
Γ =
∫ ∞
0
dx
[
ρ(x) − ρb
]
. (24)
Unlike the contact density that is related to properties
within a bulk, there’s no equivalent relation available for
the excess adsorption. Γ is the surface quantity and as
such is related to a surface tension γ, or more specifically
to the derivative of the surface tension w.r.t. the chemical
potential µ,
Γ = −
(
∂γ
∂µ
)
T,V
, (25)
according to the Gibbs adsorption theorem. In Fig. (6)
we plot Γ for a single density ρbσ
3 = 0.5. As for the
contact density, the RPA undermines Γ while the mean-
field systematically overestimates it.
0 1 2 3 4
ε
0
0.1
0.2
Γ
mf
rpa
sim
ρbσ3 = 0.5
FIG. 6: Excess adsorption defined in Eq. (24) as a function of
ε for penetrable-spheres near a hard-wall for the bulk density
ρbσ
3 = 0.5.
V. ALTERNATIVE APPROACHES
As the RPA applied to penetrable-spheres is unreliable
both in the dilute limit (because of construction) and for
large α (because of the emergence of a local solid-like
structure for α ≈ 34.81), one may wish for an alternative
approach. To speculate such an approach, it may be
helpful to consider a virial expansion of the excess free
energy,
Fex =
1
2
∫
dr1
∫
dr2 ρ(r1)ρ(r2)f¯(r12)
+
1
6
∫
dr1
∫
dr2
∫
dr3 ρ(r1)ρ(r2)ρ(r3)f¯(r12)f¯(r23)f¯(r31)
+ . . . , (26)
where f¯(r) = 1 − e−βu(r) is the negative Mayer f -
function, for penetrable-spheres given by f¯(r) = (1 −
e−ε)Θ(σ − r). The excess free energy incorporates all
the contributions due to particle interactions, Fex =
1
2
∫
dr
∫
dr′ ρ(r)ρ(r′)u(r, r′)+Fc. The two initial terms of
the expansion have a simple ring topology. The higher or-
der terms, however, become increasingly more complex,
and the next term already involves three topologically
distinct diagrams.
In the dilute limit the first term in Eq. (26) should
generally suffice,
Fdil = Fid+
∫
dr ρ(r)U(r)+
1
2
∫
dr1
∫
dr2 ρ(r1)ρ(r2)f¯(r12),
(27)
and the resulting expression structurally resembles the
mean-field approximation in Eq. (1). However, differ-
ent parametrization of the two approaches corresponds
to different limits. Within the dilute limit approxima-
tion the pressure becomes
βP
ρb
= 1 +
4piρbσ
3(1 − e−ε)
6
. (28)
In Fig. (7) we compare the above expression with the
mean-field, the RPA, and the exact data points. The di-
lute limit approach systematically underestimates parti-
cle interactions and performs poorly for higher densities.
0 2 4 6
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1
2
ρ(
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/ρ
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mf
rpa
sim
dilute
dilute2
ρbσ3 = 0.1
0 2 4 6
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sim
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dilute2
ρbσ3 = 0.3
FIG. 7: Density at a contact with a planar wall, ρ(0), as a
function of an interaction strength ε for penetrable-spheres.
The results labeled as ”dilute” correspond to Eq. (28).
Consecutive addition of terms of the virial expansion
can correct the dilute limit predictions up to some point,
but a truncated series will always diverge at a sufficiently
6high density. Instead of such a simple truncation, a
”wiser” approach is to selectively include/exclude entire
classes of diagrams. Such a selection is naturally achieved
by an application of more advanced closures, for example
the Percus-Yevick or the hypernetted chain approxima-
tion. However, when combined with the adiabatic con-
nection framework, Eq. (5) and Eq. (6), these closures
introduce another level of complexity as the functional
derivative δFexδρ involves an integral over λ, and to calcu-
late a density, correlations for all values of λ, from 0 to
1, are needed. This difficulty precludes these approaches
from having practical use.
To take a different approach, we take advantage of the
RPA mathematical framework which is, as said before,
defined in terms of integrals with ring topology. Defining
the operatorB(r, r′) = ρ(r)f¯(r, r′) and using conventions
of the linear algebra, all the ring terms of the excess free
energy can be represented as
F dil2ex [ρ] =
1
2
∫
dr
∫
dr′ ρ(r)ρ(r′)
[
f¯(r, r′) +
f¯2(r, r′)
2
]
+
1
2
Tr
[
log(I +B)−B
]
. (29)
We compare this with the RPA excess free energy given
by
F rpaex [ρ] =
1
2
∫
dr
∫
dr′ ρ(r)ρ(r′)u(r, r′)
+
1
2
Tr
[
log(I +A)−A
]
, (30)
where A(r, r′) = ρ(r)u(r, r′). There are two main dif-
ferences between the two expressions. First, u(r, r′) is
substituted by f¯(r, r′). Second, the ”mean-field” part
involves an extra term. In Fig. (7) we plot the pressure
data points from this new scheme labeled as ”dilute2”.
There is a slight improvement over the results in Eq.
(28), but taking into account the additional complexity,
the improvement does not justify the approach. It be-
comes clear that terms with more complex topology are
necessary for an accurate description of dense fluids.
VI. TWO-COMPONENT SYSTEM
In this section we consider a two-component system
with symmetric interactions defined as follows: particles
of the same species interact as u(r < σ) = ε, and par-
ticles of different species interact as u(r < σ) = −ε, in
both cases u(r > σ) = 0. This is an interesting sce-
nario because all the mean-field contributions cancel out
and interactions are captured only through correlational
contributions.
The present system gives rise to four different cor-
relations, h11(r, r
′), h22(r, r
′), h12(r, r
′), h21(r, r
′), where
1 and 2 designate two species. By virtue of the sym-
metry of the interactions h11(r, r
′) = h22(r, r
′) and
h12(r, r
′) = h21(r, r
′). Furthermore, within the RPA
h11(r, r
′) = −h21(r, r
′), h22(r, r
′) = −h21(r, r
′), and so
forth, so that all correlations may be represented by a
single functional form h(r, r′) obtained from the OZ re-
lation
h(r, r′) = −βu(r, r′)−β
∫
dr′′ρ(r′′)h(r′, r′′)u(r, r′′), (31)
where ρ(r) = ρ1(r) + ρ2(r) is the total number density,
h11(r, r
′) = h(r, r′), h12(r, r
′) = −h(r, r′), and so forth.
Now, if such a two-component fluid is constrained to a
half-space x > 0 by a planar wall, a number density for
a species i is given by
ρi(r) =
ρb
2
e
1
2
[h(r,r)−hb(0)], (32)
where ρb is the total bulk density. Note that the mean-
field contributions are absent and the density is deter-
mined solely by correlations.
Considering a homogeneous fluid, an average potential
energy that a particle of the species 1 feel is
βE =
ερb
2
∫ σ
0
dr r2
[
h11(r) − h12(r)
]
. (33)
Within the RPA the above expression can be written as
βErpa = −hrpab (0)− ε. (34)
Fig. (8) shows βE as a function of ε for ρbσ
3 = 0.5.
Within the range ε < 1 the RPA data points are highly
accurate. The fact that βE monotonically decreases
0 0.5 1
ε
-1
-0.5
0
βE
ρbσ3 = 0.5 simrpa
FIG. 8: Average potential energy per particle as a function of
ε for a homogenous two-component system with total density
ρbσ
3 = 0.5. The RPA result corresponds to Eq. (34). There
are no mean-field contributions.
with increasing ε indicates increased association between
particles of different species, which eventually leads to
phase-transition around ε = 1. For illustration in Fig.
(9) we show a configuration snapshot of a two-component
system in 2D after phase transition where the system
consists of highly structured clusters. The RPA does not
indicate any phase transition around this point.
In Fig. (10) we look into correlations h11(r) and h12(r),
which reveal that the RPA correlations are not at all
that accurate. From Eq. (33) we know, however, that
7FIG. 9: Configurational snapshots of a two-component
penetrable-sphere system, after the phase transition. For the
sake of simplicity the snapshots are for a 2D system. The red
and black circles indicate particles of different species. The
system parameters are ε = 1 and ρbσ
2 = 0.9. The first figure
contains N = 1000 particles and the second one N = 240.
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FIG. 10: Pair correlation functions of a homogeneous two-
component fluid for ρbσ
3 = 0.5. By virtue of symmetric in-
teractions, h11(r, r
′) = h22(r, r
′) and h12(r, r
′) = h21(r, r
′).
βE depends on the quantity h11(r) − h12(r) (within the
RPA given by 2h(r)). Accordingly, in Fig. (11) we plot
h11(r)−h12(r). Here the agreement between the simula-
tion and the RPA is quite impressive and indicates some
cancellation of errors, accrued in both h11(r) and h12(r),
that is responsible for good results seen in Fig. (8).
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FIG. 11: Correlations h11(r)− h12(r) of a homogeneous fluid
for ρbσ
3 = 0.5. Compare with Fig. (10) to understand the
cancellation of errors in h11(r) and h12(r).
Next we calculate the pressure, within the RPA given
by
βP
ρb
= 1 +
1
2
∫ 1
0
dλ
(
hλb (0)− λhb(0)
λ
)
. (35)
where
hrpaλ (r, r
′) = −λβu(r, r′)−λβ
∫
dr′′ρ(r′′)hrpaλ (r
′, r′′)u(r, r′′),
(36)
The expression for pressure is similar to that in Eq. (23)
without the mean-field term. The results are plotted in
Fig. (12). Once again, the agreement between the sim-
ulation and the RPA is quite excellent. Finally, in Fig.
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1
ρ(0
)/ρ
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rpa
sim ρbσ3 = 0.5
FIG. 12: Density at a contact with a planar wall, ρ(0) =
ρ1(0) + ρ2(0), as a function of an interaction strength ε.
(13) we plot the entire density profiles for penetrable-
spheres confined by a wall at x = 0. The RPA for this
situation once again turns out being very accurate.
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FIG. 13: Density profile for two-component penetrable-
spheres near a planar wall at x = 0.
VII. CONCLUSION
The main lesson to be taken from this study is that the
RPA, despite its non-perturbative construction, is not a
theory of the strong-coupling regime. The RPA intro-
duces correlations to the mean-field level of description,
but does not really extend the range of validity of the
mean-field. The RPA is shown to be especially useful
for situations in which the mean-field contributions are
cancelled, as in the case of a two-component system con-
sidered in the present study. The RPA for this situation
is found to be rather accurate, albeit within the weak-
coupling limit, while the cause of this success lies in a
somewhat lucky cancellation of errors.
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